The cell cycle of Escherichia coli contains a period of indeterminate length that reflects a stochastic reaction, beginning at some time after a round of chromosome replication, and ending before the cell divides. Although the chemical nature of this reaction is not known, the time of its onset and the single statistical 'half-life parameter' required for its quantitative description have been measured previously. Here it is shown that this parameter implies the distribution of generation times and the age distribution, as well as the distributions of replication initiation and termination ages; these distributions are derived from this half-life parameter for exponentially growing populations of E. coli. It is also shown that the stochastic reaction affects the results and interpretation of any experiments involving synchronous growth of bacteria.
INTRODUCTION
The distribution of generation times has been studied in various genera of bacteria by microscopic observation of individual cells growing either in a liquid culture on a membrane through which growth medium was circulated (Powell, 1956 (Powell, , 1958 Powell & Errington, 1963 ; Schaechter et al., 1962) , or on solid medium (Kubitschek, 1961) . By fitting the observed generation time distributions, which showed considerable scatter, to various theoretical distributions, the values of statistical parameters were obtained, such as standard deviation, coefficient of variation, skewness and kurtosis. The biological meaning of these parameters, however, was not clear. With regard to the skew in the distributions, the results were ambiguous; some data fitted best to a symmetrical distribution (Schaechter et al., 1962) , while others suggested a skew toward longer generation times (most of E. 0. Powell's work; Kubitschek, 1961) . Generation time distributions have also been derived (Shehata & Marr, 1970; Harvey, 1972) from growth curves of synchronous bacterial cultures , thus avoiding many statistical problems of the methods based on observation of individual cells. From such data, symmetrical distributions of generation times were obtained.
The most striking feature of the distribution of generation times is the extent of variation; for example, at an average doubling time of 40 min, early divisions may occur 20 min after, and late divisions more than 60 min after the preceding division. Such a range of generation times in different cells of the same population must be taken into account in any model of the control of bacterial division.
We have recently analysed the cell cycle of Escherichia coli (Bremer & Chuang, 1981 a, b) and reduced the cell cycle variability to a variability of the D-period, the time between termination of a round of replication and the following cell division. The type of variability observed suggested the involvement of a stochastic reaction in the division pathway, presumably in the initiation of septum formation. In the present paper, it is shown that the statistical properties of bacterial populations that have been measured in the past depend on, and can be quantitatively derived from, this variability in the D-period. The question about the skew in the generation time distributions is also resolved: there is not a single distribution of generation times valid for all populations ; rather, depending on the type of population considered, skewed or symmetrical distributions are to be expected. It is further shown that the variability in the D-period has important implications for any work with synchronous bacterial cultures ; therefore, the theory derived here should be taken into account in the design and interpretation of synchronous growth experiments.
T H E O R Y A N D DISCUSSION
Variability of the D-period By measuring cell numbers and the rate of DNA synthesis in synchronous cultures of E. coli B/r, we have previously shown that the duration of the D-period varies in a population of cells; this variation is described by a frequency distribution as in Fig. 1 : the minimum D-period, Do, is 18 min, while D-periods longer than 18 min occur with a frequency that decreases exponentially with increasing duration (Bremer & Chuang, 198 la) . In these experiments, the half-life time for the exponential decrease, h, was about 5 min. The asymmetric distribution of D-periods was confirmed by analysing residual cell divisions after inhibition of DNA replication in exponential cultures (Bremer & Chuang, 1981 b) . In this instance, the half-life value was about 10min; the difference in h-values was ascribed to the thyA mutation in the strain used for the later experiments. The distribution in Fig. 1 is for a thymine-requiring strain of E. coli B/r grown at 37 "C in glucose minimal medium with an excess of thymine (Bremer & Chuang, 1981 b) . The average D-period, B, is the sum Do + (h/ln 2), where h/ln 2 is the time for the exponential curve to decrease to l/e. In Fig. 1 , b = 18 + (10/ln 2) = 32-4 min. This average is somewhat longer than the value of D used for most calculations regarding the cell cycle (see below : Auerage values of cell cycle parameters).
The sharp peak in the distribution of D-periods is an idealization, which allows the distribution to be described by an exponential function that can be mathematically manipulated. The actual blurring of this peak extends over a period of a few minutes (Bremer & Chuang, 1981a ; see also Fig. 3 of Gudas & Pardee, 1974) . This idealization does not significantly affect observable properties of bacterial cultures, which depend on the integral of the distribution in Fig. 1 .
The variability of the D-periods could mean either (a) that the time between termination of rounds of replication and initiation of septation is constant, but the time required for completion of septation (T-period) varies or (b) that the T-period is constant but the onset of septation varies. Experimental evidence suggests that the T-period is constant (e.g. Gudas & Pardee, 1974; Woldringh et al., 1977) , suggesting that the stochastic process affects the initiation of septum formation. The idea that there exists a period of indeterminate length before DNA replication in the cell cycle (Smith & Martin, 1973 ) is thus at variance with the data for E. coli in which the stochastic reaction occurs after DNA replication (Bremer & Chuang, 1981a, b) .
For the following theoretical derivations, it is assumed that no other factors contribute to the variability of the cell cycle besides the variability of D-periods. In particular, it is assumed that neither the interinitiation times (time from initiation of a round of replication to initiation of the next round), nor the C-period (time from initiation to termination of a round of replication) vary significantly from cell to cell within a population or from cycle to cycle in successive generations. Experimental evidence justifying these assumptions has been discussed (Bremer & Chuang, 1981 a) . An invariability of those other cell cycle parameters implies that the fluctuations of growth and DNA replication in a synchronous culture (no matter how 'good' or 'bad' the synchrony) that occur during the first generation of synchronous growth should repeat themselves indefinitely in exactly the same manner without blurring. Kepes & Kepes (1980) have followed synchronous cultures of E. coli for more than four generations and showed that the loss of synchrony is indeed very small during this time.
Composition of a zero age population from an exponential culture As a consequence of the variability of D-periods, individual cells in a zero-age population of bacteria would be heterogeneous with respect to the time that the preceding round of replication was terminated. Cells having a long D-period (> D o ) would grow more and be larger than those dividing at Do. Thus, subfractionating a zero-age population of bacteria by size would yield different cell populations that are out of step with respect to their replication cycles, but in step with respect to division. In the past, synchronous cultures have been prepared either by size fractionation (Mitchison & Vincent, 1965) or by age fractionation (Helmstetter & Cummings, 1964) . These types of synchronous cultures are expected to have different compositions with respect to the phases of their chromosome replication cycles and therefore to behave differently (see below). In the following, the distribution of the replication age (i.e. the cell age measured from the time of termination of replication) is derived for the entire, unfractionated zero-age population of an exponential culture. This is actually a hypothetical case since no reported method is capable of extracting all subpopulations of zero-age cells from an exponential culture with equal probability and without contamination by non-zero-age cells (Bremer & Churchward, 1978) . Figure 2 shows the increase with time in the number of chromosomal replication termini (7') and of the cell number (C,) in an exponential culture, here assumed to be growing with a doubling time z = 45 min. At an arbitrarily chosen zero time, the cell number in this culture was set at unity. The infinitesimal increment in the cell number at zero time, dC,, from t = 0 to t = dt, represents the increment due to new-born cells. This zero-age population is composed of subpopulations of cells that have terminated a round of replication at different times before zero Relationship between times of replication termination and the rate of cell division in an exponential culture. dT, and dT, represent the numbers of cells in which rounds of replication were terminated at times -rl and -t 2 before zero time; these cells define two subpopulations of the exponential culture that contribute to the rate of division at zero time (cell number increment = dCo). The stippled areas under the cell division rate curves of the two subpopulations represent the contributions of these subpopulations to the rate of cell division in the exponential culture at r = 0. T = numbers of chromosome termini, C, = cell number as a function of time. Note that the ordinate scales for the division rate curves are linear. See text for details.
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Initiation ( time, for example, at t = -t l and at t = -t2 [i.e. between -tl and ( -t l + dt) and between -t2 and (-t2 + dt)]; the numbers of cells in these subpopulations are dT1 and dT,. Each of these subpopulations begins to divide Do min later, and their contributions to the zero-time division rate are indicated by the stippled areas under the division rate curves for the corresponding subpopulations. The latest time at which terminations may occur that contribute to newborn cells at zero time is -t 2 (= -Do). Cells in which replication terminates later (between -t2 and zero) would not begin to divide until after zero time. Most of the new-born cells at zero time are derived from cells that have terminated a round of replication around or shortly before -t2, while cells that have terminated earlier, e.g. at the time -t,, contribute only few new-born cells at zero time. Thus, the frequency distribution of termination times before zero that contribute to the zero-age population increases exponentially until -Do (= 18 min) and then ends abruptly (Fig. 3 , left curve).
The division rate curves associated with a given termination time (-t l and -t2 in Fig. 2) have the same shape as the distribution of D-periods in Fig. 1 ; the area under each rate curve, which represents the total number of cells in this subpopulation, is equal to dT. This area increases exponentially with time, corresponding to the exponential increase in the rate of termination in an exponential culture (doubling time 7). Therefore, the fraction of cells that divide at zero time and that have terminated a given time (-t) before zero time increases with increasingly later termination (up to -Do) as the product of two exponential functions: 2t/*, which represents the increase due to the culture growth (barely visible in Fig. 2) , and 2'lh, which results from the variability of the D-periods (major contribution to the diffference in the stippled areas under the two rate curves; h is the half-life parameter defined in Fig. 1 ). This product, 2'i5
x 2[ih, is again an exponential function, 2[/*1 (where (l/q) = (l/z) + (l/h)), which describes the distribution of termination times in the zero-age population from an exponential culture (Fig. 3 , left curve; Appendix A). Cells that have terminated a round of replication early, before zero time, will initiate the following round of replication early also, and cells that terminated late will initiate late after zero time, since the times from initiation to the next initiation, and from termination to the next initiation, are essentially invariable (see above). Thus, the distribution of initiation times (Bperiods) can be represented by a curve (right curve in Fig. 3 ) that parallels the termination curve. Generally, the distributions of replication initiation and termination ages can be expected to be identical in shape but shifted along the time axis.
Distribution of generation times in an exponential culture Based on previous theoretical work (Bremer & Chuang 1981 a) , the distribution of generation times was calculated from the distribution of termination times (Fig. 3) and from the Generation times in E. coli 2869 distribution of D-periods ( Fig. 1 ; see Appendix B for details). The result of this calculation, i.e. the distribution of generation times in an exponential culture, is shown in Fig. 4(a, b) , calculated for z = 43 min and h = 5 rnin (Fig. 4a) , typical for E. coli B/r growing in glucose minimal medium at 37 "C, and for z = 45 rnin and h = 10 min (Fig. 4b) , typical for a thymine-requiring derivative of E. coli B/r (Bremer & Chuang, 198 1 a , b) . The distributions are seen to have a sharp peak at t = zmin and to be slightly skewed toward longer generation times.
As indicated in the Introduction, the question of whether the distribution of generation times is skewed or symmetrical has been controversial. In our previous work, we found a symmetrical distribution of interdivision intervals (Bremer & Chuang, 198 1 a) . The apparent discrepancy reflects the different composition of the zero-age population considered. In the previous work, we derived the properties of a synchronous culture obtained from an inverted membrane culture in which all ages were equally frequent (see Fig. 6c below) , whereas here we considered a synchronous culture derived from the zero-age population of an exponential culture.
The extent of asymmetry or skew in the distribution of interdivision intervals can be expressed by the ratio of the time constants that describe the right (h) and the left (zi) limbs of the distribution, i.e. the ratio h/zi, equal to 1 + h/z (see definition of zi in the preceding section). The greater the value of h/z, the greater the asymmetry: h/z = 0 means no skew. For z = 45 rnin and h = 10 min, h/z = 0-22 (10/45); with this value, the asymmetry is barely discernible [compare solid and dashed curves in Fig. 7 (a) below], suggesting that most of the previously observed skew in the generation time distributions has resulted from environmental heterogeneity, e.g. within the microcolonies observed under the microscope.
Age distribution of an exponential culture
The age of a cell is defined as the time elapsed since the preceding division, measured in units of the culture doubling time; i.e. new-born cells have the age zero and, if the culture doubling time is 45 min, then cells that have not yet divided at 45 min after the preceding division would have the age 1.0. If all cells were to divide regularly in exactly the same intervals, e.g. every 45 min, then the oldest cells in the population would have the age 1.0, and thus the age distribution would abruptly end at 1.0. The age distribution from such a hypothetical Time of synchronous growth (min) Fig. 4 . Rate of division (top panels) and cell number (bottom panels) during one cycle of synchronous growth of a zero-age population from an exponential culture. [Division rates were calculated using equations (B2) and (B3); cell numbers were calculated using equations (B4) and (B5), Appendix B.] (a, c ) 7
exponential culture (without a spread in generation times) is called the 'ideal age distribution', and is given by the following formula (Powell, 1956) :
where a is the cell age and n(a) is the differential frequency (dN/da) of cells in the population having the age a ; the sum of all frequencies, i.e. the area under the distribution given by the above formula, is set at 1-0 (corresponding to 100% of the cells in the population). The formula shows that zero-age cells are twice as frequent as cells of the age 1.0, which reflects the fact that two zero-age cells are formed every time a 1-0-age cell divides. Due to the spread of generation times, however, the ideal age distribution does not occur in reality. Rather, some cells divide long before reaching the age 1.0, and others divide much later at an age greater than 1.0. Consequently, the age distribution does not abruptly end at age 1.0, but gradually decreases to zero, and with increasing age increasingly deviates from the ideal age distribution (Bremer & Churchward, 1978) . It is now possible to derive the actual (as opposed to the ideal) age distribution from the distribution of generation times in Fig. 4(a, b) .
The distribution of generation times is equivalent to the kinetic curve that describes the rate of cell division in a synchronous culture (started from a zero-page population) for one cycle of division. Therefore, the time integral over the distribution of generation times describes the kinetic changes in the cell number, i.e. the synchronous growth curve, for one cycle of divisions (Fig. 4c, d ). 'One cycle' means that every cell divides only once, whereas in an actual synchronous culture, overlapping growth curves from consecutive cycles, one mass doubling time apart, are superimposed. [The construction of the actual synchronous growth curve from such overlapping curves, each calculated from the parameters h and 2 as in Fig. 4(c, d) , agrees exactly with observed growth curves; Bremer & Chuang, 1981 a.] Using a previously derived theory (Bremer & Churchward, 1978 ; see Appendix C for details), the age distributions for the cultures in Fig. 4, i. e. for h = 5 min and for h = 10 min, were calculated from the one-cycle growth curves of Fig. 4(c, d) . The results of this calculation are shown in Fig. 5 . The curves show the wide spread in the division ages.
According to the idealized distribution of D-periods in Fig. 1 , the spread in the division ages is infinity. This means that there could be a small probability that long (filamentous), i.e. 'overaged', cells are generated that greatly lag behind the average division time in the culture. Whether such physiological filaments occur in reality is not known. This would depend on the question of whether or not the distribution of generation times could go beyond 22 (or whether the age distribution could go beyond age 2.0), i.e. lastly, whether the D-period could become Generation times in E. coli 287 1 longer than z. It is conceivable that a delay of the signal for septum formation, caused by the random nature of signal generation, will always come to an end when the signal for the next division is generated; this would then lead to two or three simultaneous divisions of a cell around age 2.
Synchronous growth of cell populations with diferent replication phase relationships According to the preceding discussion, the phase relationships of a cell population can be completely described by two distributions, the distribution of division ages and the distribution of replication ages. In general, these distributions oscillate but, after long periods of growth, they tend to become stationary in a dynamic equilibrium. Figure 6 shows four examples of idealized age distributions : (a) the distribution of a non-synchronous, exponential culture ; (b) the distribution at a given instant of a culture growing on the surface of an inverted membrane from which one of the two daughter cells in every division is always removed (age fractionation method used by ; (c) a distribution from a culture in which all ages are equally frequent -this distribution is obtained from (b) after prolonged growth periods on the membrane when all cyclic fluctuations have disappeared; and ( d ) the narrow age distribution of a synchronous culture. The distribution in (c) may be regarded as the membrane equivalent of a steady-state exponential culture. Each of the four division age distributions in Fig. 6 may be associated with an infinite number of different replication age distributions. (Note that this is also true for the age distribution of an exponential culture, although in that case the population would have to be artificially mixed and could not be obtained simply by prolonged exponential growth; besides, growth would not be exponential in the case of an artificial mixture of a population which has the division age distribution, but not the replication age distribution, of an exponential culture.) or from an inverted membrane culture with an even age distribution [as in Fig. 6(c)] (----) . The first type of growth might be obtained by using the membrane elution technique of Helmstetter & Cummings (1964) and eluting the bacteria from the membrane either immediately after the initial attachment (not practical due to presence of non-specifically bound cells in the eluate), or exactly z rnin later. The second type of growth is obtained by using the membrane elution technique as before, but eluting the zero-age cells after very long growth on the membrane. (b, d ) Synchronous growth from a zero-age population with synchronized cycles of chromosome replication, such that termination has occurred either 18 rnin before zero time (-) or 45 rnin before zero time (----) . Such populations could be obtained using size fractionation techniques (filtration or zonal sedimentation) and selecting and subculturing only the smallest cells present, which have divided Do min after termination, or very large cells which have divided 45 rnin (= z) after termination. In the latter case, termination of a new round of replication would coincide with the division at zero time.
To illustrate how different replication phase relationships affect the growth of synchronous cultures, Fig. 7 shows several examples of synchronous growth from cultures with the same division age distribution, but with different replication age distributions. In Fig. 7 (a, c) , the cell cycles are aligned at the zero-time division, but the replication cycles are not in phase; in this case the culture is thought to be obtained from a zero-age population either of an exponential culture [solid line, generation time distribution in Fig. 7(a) with skew] or from an inverted membrane culture as in Fig. 6(c) [dashed, symmetrical generation time distribution in Fig. 7 (a) ]. In Fig. 7(6, d) , both replication and division ages are aligned at zero time, with either a phase difference of Do (solid line), i.e. all cells have terminated a round of replication at Do min before zero time, or a phase difference greater than Do (dashed curves). This type of synchrony can be experimentally approximated by separating either the smallest cells (solid line) or larger cells of a given size (dashed curves) from a culture, using size fractionation methods, and using these size-fractionated cell populations to start a synchronous culture. Despite their differences, all four growth curves in Fig. 7(c, d ) can be obtained from zero-age subpopulations of the same culture; thus, without taking into account the effects of replication phase relationships illustrated here, the curves might have been misinterpreted as showing effects of altered control of replication and cell division.
Generation times in E. coli The parameters 7, B, C and D, defined for exponential cultures (Bremer & Churchward, 1977) , are compared with the average interdivision interval (3, the average replication initiation time after division ( I ) , the average time to replicate the chromosome (a, and the average time between termination of replication and the following division (B). In this example, the parameter values used for the calculations were: 7 = 45 min, C = 45 rnin, AC = 10 rnin (= variability in C-period), Do = 18 min, h = 10 min. (Bremer & Churchward, 1977) : if the exponential increase with time ( t ) in the number of cells is given by the function 2f/T, then 7 is defined by this function, and the number of chromosomal replication termini and origins in this culture can be described by the functions 2(f+D)/5 and 2(r+C+D)IT, respectively, i.e. by functions that are horizontally shifted against the cell number curves by D or (C + D ) min, respectively, which thus define C and D. B is defined analogously as the horizontal (time) distance between the functions 2(t+nr)lr and 2(f+C+D)lr, where n has an integer value such that 7 6 (C + D ) 6 nz.
---
With either definition, the following analogous relationships exist between the four parameters: B + (? + b = nfor B + C + D = nz . Band B, C and c, etc., are compared in Table 1 . The equations in Table 1 define the relationships between 7 and 7, B and B, etc. The equations show that the differences between the two kinds of averages disappear for zero variability (h -+ 0; AC + 0). The example in Table 1 also shows that the differences between z and ?, B and 1 , etc., are only a few percent; i.e. in practice, these differences are negligible, but for any theoretical treatment of the cell cycle they must be taken into account.
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A P P E N D I X
(A) Distribution of replication initiation times We consider a hypothetical synchronous culture obtained as a zero-age population from an exponential culture. This synchronous culture contains a particular subpopulation in which a round of replication was terminated exactly Do min before zero time (Fig. 2) ; in these cells, a new round of replication will be initiated at the time Bo after zero time (Fig. 3) . The value of B, is found from the following relation :
where n has an integer value, and C, is the C-period (chromosome replication time) at maximum replication velocity (i.e. for thymine-requiring bacteria the C-period observed at high concentrations of exogenous thymine). For example, for E. coli B/r growing in glucose minimal medium at 37"C, Co = 45min, Do = 18min, z = 43min, n = 2, we find B, = 2 x 43 -45 -18 = 23min
The rate of initiation (dlldt) in the synchronous culture increases exponentially until t = B,, then it drops to zero (Fig. 3) . The exponential increase occurs in proportion to the product of the exponential functions 2$iC and 2' Ih (Fig. 2 , and text to Fig. 2): (dl/dt) x 2t/r.2rlh = 2t/Ti for t < B,
Normalizing this function such that the total initiations (from t = -co to t = B,) of one round replication are set at 1.0, we find:
These equations describe the distribution illustrated in Fig. 3 . This value is somewhat smaller than the value of 0.55 estimated by .
(B) Distribution of interdivision intervals The distribution of interdivision intervals (generation times of individual cells) is identical to the kinetics of the rate of cell division, dC/dt, in a synchronous culture during one cycle period. This rate is found from the distribution of termination times (assumed to be equal to the distribution of initiation times but shifted C min to the right) and from the distribution of Dperiods, using equation (Al) of Bremer & Chuang (1981a) . According to this equation, the maximum rate occurs (C, + Do) min after the peak of the initiation curve at B,, which is z rnin after zero time (Fig. 4a, b) . Before the maximum, i.e. for 0 < t < z, the curve reflects the exponentially increasing termination rate with the doubling time zi such that the rate is given by After the maximum, the curve reflects the decreasing section in the distribution of D-periods with the half-life time h:
The common factor In 2/zi[2 + (h/z)] is chosen such that the total area under the rate curve is 1.0, and that at t = z the rates calculated from equations (Bl) and (B2) are the same. The rate curves given by equations (Bl) and (B2) are illustrated in Fig. 4(a, b) .
The average interdivision interval (3 is equal to 'z minus the average deviation to the left plus the average deviation to the right of the maximum in the division rate curve' (Fig. 4a, b This shows that ?is always greater than z.
integral over the rate curve from equations (Bl) and (B2):
The one-cycle growth curve of a synchronous culture [as defined in Appendix (A)] is the These curves are illustrated in Fig. 4(c, d ).
(C) Age distribution The age distribution of bacteria [n(a)] in an exponential culture is related to the one-cycle growth curve of .equations (B4) and (B5) [equation (6) of Bremer & Churchward, 19781: n(a) = ln2*2l-"[l -N,]
Where N, is the one-cycle growth curve with the time measured relative to z, in age units [i.e., setting t/z = a in equations (B4) and (B5)]:
(C3) 1 2 + (h/z) (I -\ [2-(a-l)/(h/r) -11 Na = Two age distributions were calculated from observed values of h and z, using equations (Cl) to
